It is also useful to consider the ultraweakly closed linear span R(A, fji)
of the set of all elements of jtf of the form \f(t)a t (y) 1. An a-invariant normal state w of $0 is said to be n-spectrally passive (where n is a positive integer) if for all n-tuples x l} x 2 , . . . , x n of elements of stf such that + 00) (/=!, 2, . . . , ri) for some n-tuple ^, ^ • • • , 4 of real numbers n satisfying 2 ^,->0. The term "1-spectral passivity" will be discarded z=i in favour of "spectral passivity".
The interest of this notion lies in its relationship with the concept of passivity introduced by Pusz and Woronowicz [12 ; 7, Theorem 3. 3] , but also appears immediately in view of the following formulation of the KMS condition, obtained in [7] : co is /3-KMS with respect to a (where 0</3< + oo) if a nd only if it is a-invariant and It is clear, then, that a /3-KMS state is n-spectrally passive for all n (i. e. completely spectrally passive [7, Definition 1.1]), whatever the value cf /3. Quite remarkably the converse is true as well : a completely spectrally passive state is in fact a KMS state for some fi* In this form, this was stated and proved in [7] , but it already appears implicitly as Theorem 1.4 in [12] . Recently, Batty provided a truly elementary proof, with (1) as a starting point [4, Section 2] .
The argument developed in [7] retains some interest, however, for two reasons. On the one hand it was generalized in a significant way by Batty, who obtained important results concerning the existence of one-parameter subgroups of arbitrary abelian groups acting on a C*-algebra for which a given invariant state is KMS [5, Theorem 3.2] . On the other hand, the constructions of [7, Section 4] can be used to analyze in detail the mechanism by which complete spectral passivity forces a state to be KMS. This is the purpose of the present paper. In particular it will be shown that 2-sped ml passivity (or rather a naturally arising stronger version of it) already imposes so much structure on the triple (j/, a, (o) that it implies the existence of a decreasing real function /(/O on the "energy spectrum" of the system generalizing, in a certain sense, the Boltzmann factor e~^.
We shall have to make this statement precise. But at this point the reader should be warned that the setup is somewhat different from the one in [7] . Indeed we assume that (j/, a) is a P7*-dynamical system rather than a C*-dynamical system. Moreover we suppose throughout the paper (except in Remark 2. 13) that CD is a faithful normal a-invariant state of jaf. Consequently we can consider <$$ to act on a Hilbert space ffl with cyclic and separating vector Q such that a)(x) = (Q, xQ) (x^jtf}.
We also know that there is a unique strongly continuous one-parameter group U= [U t ] (t^K) of unitaries implementing a and leaving Q invariant. The hamiltonian of the system is the self-adjoint operator H on 3? defined by the equation
As a consequence of our faithfulness assumption the TomitaTakesaki theory is available to us [13] . Let A be the modular operator associated with Q. In general, the self-adjoint operators A and H are not related in any particular way, except for the fact that they commute strongly. On the other hand, as is well known, w is / In order to determine the implications of the condition ( 2 ) on the modular structure induced by o> 5 Is it possible to justify the substitution of strong spectral passivity for spectral passivity on physical grounds? In the above example of a "finite spin system" the answer seems to be affirmative, in view of Lenard's analysis in [10] cf what he calls "structural stability". Extrapolating from the finite dimensional case one may conjecture that strong spectral passivity should result from a combination of spectral passivity and stability in the sense of Haag, Kastler and Trych-Pohlmeyer [9] .
We give some substance to that claim in Lemma 2. 10 and Remark 2. 11. Another question is, whether strong spectral passivity implies passivity in the original sense of Pusz and Woronowicz [12] . This is by no means clear a priori (the converse is false).
We now return briefly to the case j/= «£?($) considered above to make a different point. In this case strong spectral passivity reduces to the condition that hj-h k >0 implies Pj<pk, which means exactly that p is a decreasing function of h. For general quantum statistical systems there is no density matrix, of course. However we are able to derive a formally analogous relation A =f(ff), with A in place cf p and h replaced by H (the spectrum cf which consists of energy differences rather than energy levels). Thus our result provides an illustration of the heuristic principle that the modular operator A can be used as a partial substitute for the density matrix p in the general case, albeit in a "relative" rather than in an "absolute" sense. In some of Araki's papers (e.g. [1, 2] ), which inspired us, the same philosophy is at work.
It is unclear at present what physical meaning (if any) should *) be attributed to the relation A=f(H).
By comparison with the exponentials e~^9 the function /(/I) can conceivably provide us with a quantitative measure of the deviation of the state w from equilibrium. More specifically one might expect log /, or some quantity derived from it, to have certain entropy-like properties (indeed passivity is an expression of the second law of thermodynamics [12] , which itself gives rise to the notion of entropy).
Finally it is worthwhile observing that a decreasing dependence 
Q) ( and Equivalently we have (5) and dv x (X)=d(x*Q, P-
The following proposition gives a simple but very useful reformulation of the relation A=f(H) in terms of the measures fjt x and v x . Next we define the function / that appears in the relation J = f(H), as well as an auxiliary function g-(these are similar, but not equal to objects with the same name defined in [7] ). The following lemma will be used to study the properties of the functions /and g (Lemma 2.5 below), and again in the proofs of the lemmas 2. 7 and 2. 10. Since lbJ,|<||/lli 1Mb the ultraweak compactness of the unit ball of jtf implies that the sequence [y n }n=i has an ultraweak accumulation point y, which belongs to M( {A} ) . Since x -y is an accumulation point of [z n }n=i 9 it is an element of #(fi\{*}), and even of R(2, + oo) if
Proof. (i)=»(ii
This concludes the proof of (i 
Then (iii) follows from (ii) . Q
We note that the existence of a cyclic and separating vector is not required for the validity of (i) above. On the other hand the decomposition x=y + z need not be unique. Next we show how to express the passivity of a) in terms of / and g. Lemma 
(i) w is strongly spectrally passive if and only if /(0)<1 (or equivalently, #(0)>1). (ii) a) is strongly "I-sped rally passive if and only if f(X) <g(X) (X^K).
Proof, (i) is obvious (if a) is strongly spectrally passive one actually has /(0)=s(0)=l, by Lemma 2.5 (iii)). 
CD (xx*} a) (x*x) ~l<a) (yy*) oj (y*y) ~1

It follows that f(Z)<g(Z).
If /U)=0 or g(X)= + oo this inequality holds trivially. Conversely, if 0</(^) <^(^)
z^M\_
+°°). Then (ii) is a consequence of the fact that f(X)<g(Z) (Lemma 2.6 (ii)). D
The above lemma, taken together with Proposition 2. 1, already implies that A=f(H) in case H has a countable spectrum-The idea of the proof of our main theorem 2. 8 is that Lemma 2. 7 allows us to discard arbitrary finite (even countable) subsets of ff(H). Notice that Lemma 2. 7 does not hold if o) is merely 2-spectrally passive (see Section 1). and is thus a necessary condition for the equality A=f(H) to hold. One can say that it amounts to "the KMS condition at 0 energy". This formulation is often used to describe the main direct consequence of the stability notion due to Haag, Kastler and Trych-Pohlmeyer (see [9, pp. 177-178] ).
Concluding this section, we prove that strong 2-spectral passivity is not only a sufficient but also a necessary condition for the equation 4 =/(/?) to hold (with decreasing /). If we define J as the direct sum of the usual modular operator associated to the cyclic and separating vector Q of the von Neumann algebra Qj/Q on Q^f and the zero-operator on (1-Q)Jf (as is done e.g. in [12, p. 284] ), then it is still true that A=f (H] . Notice also that if o) is not faithful (ju<°°) then H is bounded below (by -//). §3. Equilibrium and 3-Passivity If a faithful invariant state o) of a T^*-dynamical system is known to be strongly 2-spectrally passive, so that J=/(H) by Theorem 2.8, then in order to decide whether w is /3-KMS it is of course sufficient to check if f(X) =e~^ for P-almost all 1 (0<£< + oo) a Since the KMS condition is known to follow from complete spectral passivity [7, Theorem 1.3] , it is natural, as a first step, to study the implications of 3-spectral passivity on the properties of /. Since our final result is obtained under the assumption that o(H) = R, we can restrict our attention at once to the case where H is unbounded. This is convenient technically because it implies Next we wish to turn the inequalities (ii) and (iii) above into equalities. To this end we make the assumption that a(H)=R, which implies that g(A + ) </(^-) for all 1 in R (Lemma 2. 5 (v)). Let D be the (finite or countable) set of those points in R where at least one of the functions / and g is discontinuous. If none of the points /i, X, l-\-X belongs to D, one has, under the assumption of strong 3-spectral passivity (Lemma 3. 1 and 2.5 (v)) : and i. e. (10) provided X&D, X &D, Let E be the set of all real numbers /I for which there exists a number $(X) such that f(A + fJL)f(ft)~l = <f>(X) for all /J. outside some finite or countable subset of R. Clearly E is an additive semigroup and whenever A, X ^E.
Moreover the complement of E is contained in D by (10) , and $(*)=f(X) if *<£D. It follows easily that E = R and that <f) is Borel measurable (because / is). Consequently <j)(X)=e~&* for all 1 in 12, where p>0.
It remains to be shown that /(/O =e~^ for all X in 12. Suppose /(/I) ^>e~P* for some /L Then there exists a positive number d such that eftfl <f(Z) whenever Z-d</jt<Z, and hence e~^</(/*) since / decreases. But this contradicts the fact that f(fjt) = 0(//) = 0"^ for all but at most countably many values of jn. The possibility that /(/O < e~P* is ruled out in a similar way. As a(H) =sp(a) [7] we have shown:
Theorem 3.2. // sp(a)-=R, then any faithful, normal^ stronglŷ -spectrally passive state of (j/, a) is fi-KMS with respect to a for some /3, 0</3<+oo. Q Remark 3.3. After this work was finished it was pointed out to the author by H. Daniels that the result of Theorem 3. 2 still holds if the assumption of strong 3-spectral passivity is replaced by 3-spectral passivity. This is seen by combining [6b, Theorem 1. 23] with [7, Theorem 3. 3] . In fact one can also easily adapt the above proof to accomodate this more general situation. It is sufficient to redefine / and g as and g (2) These results should be compared with the counterexample 4. 9 in [7] of an n-spectrally passive state that is not (rc + 1) -spectrally passive. Let us finally point out that in classical mechanics (under suitable regularity assumptions) 2-passivity is already sufficient to ensure equilibrium [8, Theorems 1 and 2 ; 6b, Theorem 3. 19],
